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COMPARISON  OF  THE  SIMULATED  PHASE  SENSITIVITY  OF  COATED  AND 
UNCOATED  OPTICAL  FIBERS  FROM  PLANE-STRAIN  VIBRATION 
AND  STATIC  PRESSURE  MODELS 

INTRODUCTION 

Optical  fibers  detect  a  pressure  by  measuring  the  pressure-induced  change  in  the  phase  of 
an  optical  signal.  In  the  absence  of  pressure,  the  phase  of  light,  <J>,  propagating  through  a  length,  L, 
of  optical  fiber  is 

<t>  =  nokoL  ’  (!) 

where  n0  is  the  refractive  index  of  the  fiber’s  core  and  k0  is  the  free-space  optical  wavenumber. 
A  pressure  P  interacting  with  the  fiber  induces  a  change  in  phase  A<|)/P  and  is  given  by1 

^  =  k„n  AL  +  Lk.An.  ,  (2) 

poo  o  o  5 

where  the  first  term  corresponds  to  the  change  in  the  length  of  the  fiber  and  the  second  term 
corresponds  to  the  photoelastic  effect.  This  photoelastic  effect  describes  the  relation  between  the 
mechanical  strain  in  the  fiber  and  the  resulting  change  in  the  refractive  index.2 

Generally  the  normalized  change  in  phase  is  reported  by  dividing  equation  (2)  by  equation 
(1).  If  it  is  assumed  that  there  are  no  shear  strains  in  the  fiber,  the  normalized  change  in  phase  can 
be  expressed  as1 

2 

=  e„-i°[(Pn  +  P12)e,r  +  P12eJ  •  0) 

where  Pn  and  P12  are  the  Pockels  coefficients  and  err  and  ezz  are  the  radial  and  axial  strain  in 
the  fiber.  Substitution  of  the  values  of  nQ  =  1.45,  Pn  =  0.126,  and  P12  =  0.270  into  equation 
(3)  results  in 

^  =  0.712e_  -0.422e  .  (4) 

<j>P  zz  n 

Numerous  researchers*'1, 4’  ^  have  used  equation  (4)  to  model  the  optical  phase  sensitivity  of 
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finite-length  uncoated  and  coated  optical  fibers  when  they  are  subjected  to  a  static  pressure.  In  this 
report,  we  investigate  the  case  of  an  infinitely  long,  coated  optical  fiber  that  is  subjected  to  a 
harmonic,  axisymmetric  radial  pressure.  We  assume  that  this  pressure  is  constant  along  the  length 
of  the  fiber  and  that  the  fiber  responds  in  plane-strain  vibration.  We  compare  these  results  to  those 
from  the  static  pressure  models  and  to  the  k  =  0  result  of  a  model  of  forced  wave  propagation  in 
an  infinitely  long,  uncoated  optical  fiber.6 
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PLANE-STRAIN  VIBRATION  MODEL 


SYSTEM  DESCRIPTION  AND  MODELING  ASSUMPTIONS 


The  system  geometry,  shown  in  figure  1,  consists  of  an  infinitely  long,  coated  rod  with  a 
core  of  radius  a,  a  coating  of  outer  radius  b,  and  an  external  radial  pressure  harmonic  in  time  along 
the  axial  direction  of  the  form 


iCOt 


p  =  Pe  ,  (5) 

where  i  =  ,  0)  is  frequency  (rad/sec),  t  is  time  (sec),  and  P  is  amplitude  (N/m2).  The  system 

displacements  and  stresses  are  defined  by  the  cylindrical  coordinates,  r,  0,  and  z,  which  are  desig¬ 
nated  as  the  1, 2,  and  3  directions,  respectively.  Assuming  that  the  core  and  coating  are  composed 

7 

of  isotropic  materials,  we  can  write  the  displacement  equations  of  motion  as 


(m) 

(m)  UiJj 


(m) 


Ui V  +  (^(m)+^(m))ujlij  =  P(m)  U= 


..(m) 


,  (m=  1,2) 


(6) 


In  equation  (6),  X  and  |i  are  the  Lame'  constants  (N/m2),  p  is  the  density  (kg/m3),  and  Uj 
are  the  components  of  the  displacement  tensor  (m).  The  superscript  and  subscript  m  =  1  refers 
to  material  properties  and  displacements  of  the  core,  and  the  superscript  and  subscript  m  =  2 
refers  to  material  properties  and  displacements  of  the  coating.  It  should  also  be  noted  that  Ein¬ 
stein’s  summation  convention  applies  (i,  j  =  1, 2,  3 ),  u-  ••  is  the  comma  subscripted  representa- 
tion  of  the  second-order  partial  differentiation  of  Uj  with  respect  to  the  variable  Xj ,  Uj  ^  is  the 
comma  subscripted  representation  of  the  partial  differentiation  of  Uj  with  respect  to  the  variables 
Xj  and  Xj ,  and  u;  represents  the  second-order  partial  differentiation  of  Uj  with  respect  to  time  t. 


SOLUTIONS  TO  THE  EQUATIONS  OF  MOTION 

We  assume  plane-strain  vibrations  so  that  all  displacements  and  stresses  are  independent 

Q 

of  z.  With  this  assumption,  we  can  write  equation  (6)  as 
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N 


Figure  1.  System  Geometry 


(7) 


(m)  x  (m)  ..(m) 

P(m)  ua,pP+  (?l(m)+^(m))Up>aP  =  P  (m)  Ua  ’ 
where  a,  P  =  1,2.  Gazis  has  shown9  that  the  displacements  in  the  core  and  in  the  coating  in 
plane-strain  vibration  are 


A^[vr(1)r>  ]<=”', 


=  0, 


(8) 


and 


U[<2)  =  {BA[J0(r(2)r)]+c|F[Y0(r(2,r)]}ei'm, 


U 


(2) 

z 


=  o, 


(9) 


respectively,  where  A,  B,  and  C  are  constants;  Jq  is  the  Bessel  function  of  the  first  kind  of  order 
zero;  and  Y0  is  the  Bessel  function  of  the  second  kind  of  order  zero.  The  arguments  of  the  Bessel 
functions  in  equations  (8)  and  (9)  are  defined  as 


and 


r2  =  _  G)03 

(1)  ^(l)  +  2P(i) 

r2  =  P(2)C0 

(2)  ^(2)+2P(2)' 


(10) 


(11) 


The  strains  and  radial  stress  in  the  core  are  (with  the  time  factor  el£0t  omitted  here  and  in 
the  remainder  of  this  section) 


p  (1) 

3ur 

£rr 

3r  ’ 

„(!) 

(1) 

_  Ur 

eee 

“  > 
r 

(12) 


and 


*  Actually,  Gazis  solved  the  problem  of  plane-strain  vibration  for  a  hollow  cylinder  and  for  arbitrary  circumferential 
wavenumber  n.  We  have  taken  his  solution  and  reduced  it  to  the  case  of  n  =  0.  We  have  also  modified  the  solution  for  a  hollow  cyl¬ 
inder  to  that  of  a  solid  core  by  setting  the  coefficient  of  the  Bessel  function  of  the  second  kind  to  zero  so  that  solutions  remain  finite 
at  the  center  of  the  core. 
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(13) 


Trr  =  (^(1)  +  2^(1) )  £rr  +^(l)e00  > 

where  err  is  the  radial  strain,  e00  is  the  circumferential  strain,  and  Trr  is  the  radial  stress.  The 
strains  and  radial  stress  in  the  coating  can  be  equivalently  written  by  substituting  superscripts  and 
subscripts  (2)  for  superscripts  and  subscripts  (1)  in  equations  (12)  and  (13). 


Before  proceeding  further,  we  argue  that  because  of  the  small  values  of  the  radius  of  the 
core  (a  =  62.5  xlO'6  meters)  and  the  outer  radius  of  the  coating  (a  <  b  <  30  a),  we  may  use  small 
argument  approximations  for  the  Bessel  functions  in  equations  (8)  and  (9).  By  using  only  the  first 
term  of  the  series  solution  of  the  Bessel  functions10  in  these  equations,  we  find  that  the  displace¬ 
ments,  strains,  and  stresses  in  the  core  and  coating  are  simplified  to 


(D  =  Ar(pr 
r  2 


(2) 

| 

.  -Br<2> 

r  2C 

r 

2 

+  7tr 

.(1) 

f— ♦ 

u 

< 

1 

1 

"rr 

2 

> 

,(D 

-AT2 
_  A1  CD 

:ee 

2 

?(2) 

.  ~Brra 

2C 

'rr 

2 

2  ’ 

Ttr 

,  (2) 

_  -BF(2) 

2C 

'00 

2 

+  ~1  ’ 

-T rr 

<l>  =-a<i)  +  n<»>Arn>- 
=-a(2)+n(2))Br^-l^ff 


(14) 


(15) 


(16) 
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BOUNDARY  CONDITIONS 


The  solutions  of  the  unknown  coefficients  A,  B,  and  C  are  found  from  the  boundary  condi¬ 
tions  of  the  system.  At  the  solid-solid  interface  (r  =  a),  the  continuity  conditions  require  the  radial 
displacement  and  stress  to  be  equal.  On  the  outer  surface  of  the  coating  (r  =  b),  the  radial  stress  is 
equal  to  the  pressure.  These  boundary  conditions  are 


(1) 

(2) 

=  0;  r  =  a , 

r 

"Ur 

.(i) 

-xi2) 

=  0;  r  =  a , 

'rr 

rr 

x(2) 

rr 

=  -P;  r  =  b 

07) 


Equation  (17)  represents  a  system  of  three  linear  algebraic  equations  that  in  matrix  form  are 


[Lp>c]{x}  =  {c}  (p  =  1,2,3:  q=  1,2,3).  (18) 

The  components  of  the  matrixes  are  defined  in  appendix  A. 


It  can  be  shown  that  (see  appendix  B)  the  magnitude  of  the  radial  strain  in  the  core  of  a 
coated  rod  in  a  state  of  plane-strain  vibration,  with  small  argument  approximations  for  the  Bessel 
functions,  is  independent  of  frequency.* 


*  This  assumes  that  the  material  properties  of  both  the  optical  fiber  and  the  coating  are  independent  of  frequency. 
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STATIC  PRESSURE  MODELS 


SYSTEM  GEOMETRY 

The  system  geometry  for  the  static  pressure  models  is  substantially  the  same  as  for  the 
plane-strain  vibration  model,  with  the  following  exceptions: 

•  The  coated  rod  is  assumed  to  be  finite  in  length. 

•  The  external  pressure  may  also  be  applied  to  the  ends  of  the  rod. 

•  The  system  is  assumed  to  be  in  a  state  of  plane  strain  with  an  average  effective 
axial  strain  in  the  core  and  the  coating. 

The  radial  and  axial  displacements  are  assumed  to  be5 

«!'>  -  Dr. 

(1) 

Uz  =  WoZ  ’ 

(2)  _  F  (19) 

Ur  =  Er  +  -  , 

(2) 

Uz  =  w0z  , 

where  D,  E,  F,  and  w0  are  constants.  Note  that  the  assumption  of  an  average  effective  axial  strain 
in  the  core  and  the  coating  results  in  equal  axial  displacements.  The  radial,  tangential,  and  axial 
strains  in  the  core  are 


=-r  =  D 

dr 


C  =  V  =  D 


(.) 


=  W0, 
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and  the  radial,  tangential,  and  axial  strains  in  the  coating  are 

(2) 


.  (2) 


,( 2) 
'00 


,  (2) 


au; 

dr 


=  E-  — 

E  2  ’ 
r 


.(2) 


—  e  +  E 

r  r2 


du 

Hz 


(2) 


=  W„ 


The  radial  and  axial  stresses  in  the  core  are 

Zll)  =  ^(l)err)  +^(l)(e0e)  +£zz>J 

=  2  (^(i)  +  lt(i) )  D  +  A^  wQ  , 


T(U  _  n  ...  p(U+p(i) 

X77  -  (^m  +  M-m)£zz  +  AnU  err  +ei 


'(1)  T  czz  T/V,(1)V,  rr  00 

=  2  A ^ D  +  (A^  +  2p.^ )  w0  , 

and  the  radial  and  axial  stresses  in  the  coating  are 

2u,9,F 

=  2  (A^2)  +  1^(2)  )  E  2  +  ^"(2)wo’ 


c(2)  _  (\  +lA  Xp(2)+1  fe(2)+e(2) 

Czz  -  (^(2)  +  M-(2)J£zz  +A'(2)^err  +  £00 

=  2A,2)E  +  (A /2)  +  2\i(2))  wq  . 


(21) 


(22) 


(23) 


BOUNDARY  CONDITIONS 

In  a  manner  similar  to  the  plane-strain  vibration  case,  continuity  conditions  require  the 
radial  displacements  and  stresses  of  the  core  and  coating  to  be  equal  at  the  solid-solid  interface 
and  the  radial  stress  on  the  outer  surface  of  the  coating  to  be  equal  to  the  pressure.  These  bound¬ 
ary  conditions  are 
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(24) 


T 


(2) 

rr 


0;  r  =  a , 
0;  r  =  a , 
-P;  r  =  b 


A  fourth  boundary  condition  is  required  to  solve  for  the  four  unknown  coefficients  D,  E,  F,  and 
w0.  This  fourth  boundary  condition  is  dependent  on  the  following  three  assumptions  about  the 
axial  stress  or  axial  strain  in  the  core  and  the  coating: 


(25) 


(26) 

m 

and 


(27) 


where  m  =  1,  2;  Aj  is  the  cross-sectional  area  of  the  core;  and  A2  is  the  cross-sectional  area  of  the 
coating.  Equation  (25),  which  we  will  call  case  a,  is  often  referred  to  as  a  radial  pressure  boundary 
condition  with  no  pressure  on  the  ends.  Equation  (26),  which  we  will  call  case  b,  is  often  referred 
to  as  a  hydrostatic  boundary  condition  with  pressure  on  the  ends.  Equation  (27),  case  c,  represents 
the  case  of  zero  axial  strain. 


Equation  (24),  along  with  equation  (25),  (26),  or  (27),  represents  a  system  of  four  linear 
algebraic  equations  that  in  matrix  form  are 

[Lp> ]  (x)  =  {c}  (p  =  1,2,3, 4:  q  =  1,2,3, 4) .  (28) 

The  components  of  the  matrixes,  for  each  of  the  three  cases,  are  defined  in  appendix  C. 

Previous  researchers^1, 3’ 4’ 51  have  documented  the  phase  sensitivity  for  coated  optical 
fibers  using  the  assumptions  for  case  a,  or  case  b,  or  both.  Some  of  this  work  will  be  repeated  here 
so  that  we  can  compare  it  to  the  results  for  case  c. 

Case  c  has  not  been  previously  investigated  for  the  phase  sensitivity  of  coated  optical 
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fibers.  It  can  be  shown  (see  appendix  B)  that  the  results  for  case  c  are  identical  to  the  results  for 
plane-strain  vibration  when  the  small  argument  approximations  are  used  for  the  Bessel  functions. 
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SIMULATIONS  OF  STRAIN  COMPONENTS  AND  PHASE  SENSITIVITY 


In  this  section,  we  will  present  simulations  of  the  radial  and  axial  strain  components  and 
the  optical  phase  sensitivity  of  coated  optical  fibers  from  the  static  pressure  models.  These  simu¬ 
lations  are  shown  as  a  function  of  the  ratio  of  the  coating  outer  radius  b  to  the  core  radius  a  (that 
is,  as  a  function  of  R  =  b/a )  for  three  coating  materials.  The  three  coating  materials  are  Teflon, 
Hytrel,  and  Alcryn.  Results  of  investigations  of  the  phase  sensitivity  of  coated  fibers  in  static 
plane  strain  (cases  a  and  b)  with  Teflon  and  Hytrel  coatings  have  been  previously  reported/1’5)  In 
this  report  we  will  examine  thicker  coatings  and  zero  axial  strain  (case  c).  The  Young’s  modulus 
of  Alcryn  is  about  two  orders  of  magnitude  less  than  Teflon*  and  is  included  in  this  study  to  pro¬ 
vide  the  results  for  coating  materials  with  a  broad  range  of  properties. 

Figures  2  through  4  compare  the  radial  strain  component  of  phase  sensitivity,  the  axial 
strain  component  of  phase  sensitivity,  and  the  phase  sensitivity  of  case  a  for  Teflon,  Hytrel,  and 
Alcryn,  respectively.  Figures  5  through  7  are  similar  comparisons  of  case  b.  Figure  8  directly 
compares  the  phase  sensitivity  of  case  c  for  all  three  materials.  Since  the  axial  strain  component 
has  been  set  equal  to  zero  in  case  c,  the  phase  sensitivity  is  equal  to  the  radial  strain  component. 

From  figures  2  through  7,  we  note  the  following: 

•  The  phase  sensitivities  of  cases  a  and  b  are  dominated  by  the  axial  strain  component. 

•  The  axial  strain  components  of  cases  a  and  b  have  significant  variation  as  a  function 
of  both  the  coating  thickness  and  the  coating  material. 

•  The  radial  strain  components  of  all  cases  have  very  little  variation  as  a  function  of 
coating  thickness  or  coating  material,  even  in  case  c  where  we  have  assumed  a  zero 
axial  strain  component. 


*  A  summary  of  the  material  properties  for  the  three  coating  materials  and  for  silica  glass  is  contained  in  appendix  D. 
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Figure  2.  Strain  Components  and  Phase  Sensitivity  of  a  Teflon-Coated  Optical  Fiber  in  Plane 
Strain  With  Radial  Boundary  Condition  (Case  a) 


Figure  3.  Strain  Components  and  Phase  Sensitivity  of  a  Hytrel-Coated  Optical  Fiber  in  Plane 
Strain  With  Radial  Boundary  Condition  (Case  a) 
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Figure  4.  Strain  Components  and  Phase  Sensitivity  of  an  Alcryn-Coated  Optical  Fiber  in  Plane 

Strain  With  Radial  Boundary  Condition  (Case  a) 


Figure  5.  Strain  Components  and  Phase  Sensitivity  of  a  Teflon-Coated  Optical  Fiber  in  Plane 
Strain  With  Hydrostatic  Boundary  Condition  (Case  b) 
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Figure  6.  Strain  Components  and  Phase  Sensitivity  of  a  Hytrel-Coated  Optical  Fiber  in  Plane 
Strain  With  Hydrostatic  Boundary  Condition  (Case  b) 


Figure  7.  Strain  Components  and  Phase  Sensitivity  of  an  Alcryn-Coated  Optical  Fiber  in  Plane 
Strain  With  Hydrostatic  Boundary  Condition  (Case  b) 
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Figure  8.  Phase  Sensitivity  of  Teflon-,  Hytrel-,  and  Alcryn-Coated  Optical  Fibers  in  Plane  Strain 
With  Zero  Axial  Strain  Boundary  Condition  (Case  c) 

Table  1  compares  the  amplification  of  the  phase  sensitivity  of  coated  fibers  (At|)/4>P)  to 
the  phase  sensitivity  of  uncoated  fibers  (A<>0/<j)P )  for  the  three  coating  materials  with  R  =  6  and 
R  =  30. 


Table  1.  Amplification  of  Phase  Sensitivity  of  Coated  Optical  Fibers  Compared  to  Uncoated 

Optical  Fibers 


Material 

R  =  6 

A<j>/A<|>0 

R  =  30 

Case  a: 

Case  b:  Case  c: 

Case  a: 

Case  b:  Case  c: 

Teflon 

12.68 

20.11 

1.32 

20.01 

32.24 

1.33 

Hytrel 

38.52 

4.68 

1.04 

196.48 

20.05 

1.04 

Alcryn 

42.86 

15.25 

1.1 

900.81 

306.1 

1.1 
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A  similar  comparison  of  amplification  of  phase  sensitivity  with  Teflon  and  Hytrel  as  coat¬ 
ing  materials  and  with  R  =  6  is  contained  in  reference  5  and  is  provided  here  in  table  2. 


Table  2.  Amplification  of  Phase  Sensitivity  of  Coated  Optical  Fibers  From  Reference  5 


Material 

A<{>/  A<)>0 

R  =  6 

Case  a:  Case  b: 

Teflon 

13.0  20.5 

Hytrel 

40.0  4.8 

The  minor  differences  in  the  values  of  A<j>/A<|>0  in  tables  1  and  2  are  due  to  slight  differ¬ 
ences  in  the  values  of  the  Young’s  modulus,  Poisson  ratio,  and  Pockels  coefficients  used  in  the 
two  analyses.  When  the  values  from  reference  5*  are  used  in  the  analysis  reported  here,  the  ampli¬ 
fication  values  are  identical. 

Examination  of  table  1  shows  that  the  amplification  of  phase  sensitivity  is  very  dependent 
on  R  and  on  the  assumed  boundary  conditions.  When  R  =  6 ,  Alcryn  provides  the  most  amplifi¬ 
cation  for  case  a,  while  Teflon  provides  the  most  amplification  for  cases  b  and  c.  However,  when 
R  =  30 ,  Alcryn  provides  the  most  amplification  for  cases  a  and  b,  while  Teflon  still  provides  the 
most  amplification  for  case  c.  In  case  c,  there  is  very  little  difference  in  the  sensitivity  amplifica¬ 
tion,  either  as  a  function  of  the  coating  material  or  of  R. 

Another  interesting  comparison  is  that  of  the  R  =  1  results  for  case  c  to  the  k  =  0 

results  of  an  investigation  of  forced  wave  propagation  in  an  uncoated  fiber.6  At  R  =  1 , 

-12 

A<j)/<(>P  =  4.526x  10  1/Pa .  By  taking  10  Logio  °f  squared  magnitude  of  the  phase 


*  Values  from  reference  5  are  contained  in  appendix  D. 
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sensitivity,  we  have 


lOLog 


A<j) 

<t>P 


=  -226.86  dB//l/Pa 


which  is  identical  to  the  value  in  table  1  of  reference  6. 


(29) 
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CONCLUSIONS  AND  RECOMMENDATIONS 


A  static  plane-strain  model  with  a  zero  axial  strain  boundary  condition  can  be  used  to  pre¬ 
dict  a  plane-strain  vibration  response  when  the  small  argument  approximations  for  the  Bessel 
functions  are  valid. 

When  a  plane-strain  vibration  model  is  used  to  predict  the  phase  sensitivity  of  an  infinitely 
long,  coated  fiber  with  a  uniform,  radial  harmonic  pressure,  the  results  are  insensitive  to  the  coat¬ 
ing  material  or  the  coating  thickness. 

This  report  documents  a  study  of  the  phase  sensitivity  of  coated  fibers  for  the  specific  case 
of  a  uniform  (k  =  0)  radial  pressure.  A  more  comprehensive  model  of  strain  in  coated  fibers 
should  be  developed  in  order  to  study  the  phase  sensitivity  of  coated  fibers  with  a  radial  harmonic 
pressure  of  arbitrary  wavenumber  and  frequency. 
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APPENDIX  A:  PLANE-STRAIN  VIBRATION  BOUNDARY  EQUATIONS 


T’2 

L  .-E>! 

1.1  2  ’ 

(A-l) 

L  -E*! 

1.2  2  ’ 

(A-2) 

Ll-3  ica  ’ 

(A-3) 

l2,i  =  -(^i  +  Bi)ii  - 

(A-4) 

2 

L2)2  =  (^2  ^2^  ^2  ’ 

(A-5) 

t  4^2 

L2,3  "  2  ’ 

jca 

(A-6) 

L3,  1  =  0  ’ 

(A-7) 

L3  2  =  ~(^2  +  M-2)^2  ’ 

(A-8) 

j  4M-2 

3>  3  "  u2  * 

71  b 

(A-9) 

rAi 

{x}  =  B  , 

(A- 10) 

lcJ 

and 

f  0  1 

{c}  =  0  . 

(A- 11) 

l-PJ 

A-l/A-2 
Reverse  Blank 


APPENDIX  B:  COMPARISON  OF  SOLUTIONS 


The  optical  phase  sensitivity  of  a  coated  fiber,  in  terms  of  the  axial  and  radial  strains,  was  given  in 
equation  (4)  as 


^  =  0.712eiz-0.422e„.  (B-l) 

For  the  case  of  plane-strain  vibration  and  for  case  c  of  the  static  strain  models,  it  was  assumed  that 
the  axial  strain,  ezz ,  was  zero.  Therefore,  from  equation  (15),  the  phase  sensitivity  in  the  case  of 
plane-strain  vibration  becomes 


A<J> 

4>p 


0.422^1 

2 


(B-2) 


and  from  equation  (20),  the  phase  sensitivity  for  case  c  of  the  static  strain  models  becomes 


Atj) 

<|>P 


-0.422 


D 
P  ' 


(B-3) 


Now,  solving  equation  (18)  for  A  and  substituting  b  =  Ra,  we  have 


A 

P 


(k2  +  2(i2)R 


where 


^  —  ^-^(J-2  —  ^'2^2  M'l^  —  1^2  ^  ^ A>2  +  A,2(Ij  +  X.^P-2  +  A.2H2  M-iM-2  J  ‘ 


(B-4) 


(B-5) 


When  equations  (B-4)  and  (B-5)  are  substituted  into  equation  (B-2),  the  phase  sensitivity  for  the 
case  of  plane- strain  vibration  is  found  to  be 


(B-6) 


A<t>  _  0.422  (X2  +  2ji2)  R 
<()P  “  2^ 

Note  that  the  phase  sensitivity  in  equation  (B-6)  is  independent  of  frequency.  Following  a  similar 
procedure,  we  solve  equation  (28)  for  D  (with  the  substitution  b  =  Ra)  and  find  that 


B-l 


(B-7) 


D  _  -(^2  +  2^2)r2 
P  2l 

When  equations  (B-5)  and  (B-7)  are  substituted  into  equation  (B-3),  the  phase  sensitivity  for  the 
case  c  model  of  static  strain  is  found  to  be 

A<j>  _  0.422  (X2  +  2|i2)  R2 

<\>P  ~  24  ’  (B'8 

which  is  identical  to  equation  (B-6). 
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APPENDIX  C:  STATIC  PRESSURE  BOUNDARY  EQUATIONS 


CASE  a: 

LU  = 

a  , 

(C-l) 

Ll,2  = 

-a  , 

(C-2) 

Ll,3  = 

1 

a 

(C-3) 

Ll,  4  = 

0  , 

(C-4) 

Hi  = 
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(C-5) 
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—2  (  X>2  4"  i 

(C-6) 
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2^2 
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(C-l) 

a 

L2,  4  = 

-  ^2  > 

(C-8) 
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2^2 
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b 
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0  , 
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7i[a2(X1+2^1)  +[b2-a2J(X2  +  2n2)]  , 
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C-l 


{X} 
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r  <M 


0 
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CASE  b: 

(The  components  of  [Lp  ]  and  the  components  of  {  x}  are  the  same  as  in  case  a.) 


{c} 


0  1 
0 

-P 

-Pttb2 
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CASE  c: 
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